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This paper presents amodelling framework inwhich the local stress environment of airway smoothmus-
cle (ASM) cells may be predicted and cellular responses to local stress may be investigated. We consider
an elastic axisymmetric model of a layer of connective tissue and circumferential ASM ﬁbres embedded
in parenchymal tissue and model the active contractile force generated by ASM via a stress acting alongemodelling
sthma
irway narrowing
the ﬁbres. A constitutive law is proposed that accounts for active and passive material properties as well
as the proportion of muscle to connective tissue. The model predicts signiﬁcantly different contractile
responses depending on the proportion of muscle to connective tissue in the remodelled airway. We
ﬁnd that radial and hoop-stress distributions in remodelled muscle layers are highly heterogenous with
distinct regions of compression and tension. Such patterns of stress are likely to have important impli-
cations, from a mechano-transduction perspective, on contractility, short-term cytoskeletal adaptation
ode
 and long-term airway rem
. Introduction
One of the principal causes of airway narrowing in asthma is
he contraction of smooth muscle cells lining the conducting air-
ays (An et al., 2007; King et al., 1999; Latourelle et al., 2002).
n chronic asthma, repeated episodes of intense inﬂammation are
hought to cause smooth muscle proliferation (Hirst, 2000; Hirst
t al., 2000; Panettieri, 1998) leading to marked thickening of the
irway wall, which in turn, is believed to lead to increased con-
ractility. While the functional signiﬁcance of increased smooth
uscle mass has been investigated theoretically (Lambert et al.,
993), previous studies have typically relied on the Young–Laplace
pproximation which is applicable only to thin-walled structures.
e present here a more detailed mathematical model that allows
nvestigation of the effect of airway wall thickening on both the
acroscopic contractile response as well as the local stress envi-
onment of the airway smooth muscle (ASM) cell. This model also
rovides a framework for linking events occurring within the ASM
t the molecular level to tissue-level behaviour.
A signiﬁcant number of experimental studies aimed at under-
tanding airway hyper-responsiveness have focussed on strips of
mooth muscle tissue (Fredberg et al., 1999; Latourelle et al., 2002;
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Bates and Lauzon, 2005; Oliver et al., 2007). While the conclusions
from these studies have been crucial for illuminating many aspects
of force generation and contraction in airway smooth muscle, pat-
ternsof stressdistributions in the tissue strip resulting fromsmooth
muscle contractionmay bear little relation to the airway in vivo due
to loss of the correct morphology.
Experimentalmethods to understand the role of ASM in asthma,
in which the morphology is maintained, have been developed by
Dandurand et al. (1993) and involve agonist-initiated contraction
of ASM in preparations of rat and mouse lung slices. Simultaneous
measurement of airway calibre changes with visualisation of Ca2+
signalling was pioneered by Sanderson and co-workers (Bergner
and Sanderson, 2002; Perez and Sanderson, 2005). An advantage
of this approach over investigation of isolated myocytes is that,
as far as is possible, the ASM cells are in an environment that
still closely resembles that found in vivo, enabling cellular and
extra-cellular signalling events to continue, as well as providing
the passive extending forces generated by elastic recoil of the sur-
rounding parenchyma (Seow, 2007). The methods allow study of
normal airway contraction and relaxation as well as provide data
for validation of multi-scale models that attempt to relate sub-
Open access under CC BY-NC-ND license.cellular events to macroscopic mechanical behaviour of tissue and
whole airways.
The extent to which an airway constricts is in part determined
by a balance between the forces generated by the ASM and the
structural properties of the airway wall and parenchyma. Several
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odelling studies have considered the interaction of contractile
orce in ASM and the inﬂuence of parenchymal tethering on airway
arrowing (Latourelle et al., 2002; Bates and Lauzon, 2005, 2007),
he effect of airway remodelling and implications for force genera-
ion and changes in airway calibre (Wiggs et al., 1990; Lambert et
l., 1993; Lambert and Paré, 1997) and the interplay between col-
apsibility and active airway narrowing (Gillis and Lutchen, 1999;
ffonce and Lutchen, 2006). Lai-fook and others (1977,1978) and
ilson (1972) have developed detailed continuum models for
he parenchyma, incorporating non-linear strain-energy functions
hich have been validated against experiments involving artiﬁcial
oles in parenchymal tissue. While these models give invaluable
nformation on pre-stressed states and effective elasticmoduli, few
ontinuummodels incorporate both the airwaywall and parenchy-
al deformation. Indeed most authors who consider parenchymal
nterdependence have assumed that the hoop stress generated in
he airway wall may be related to the resultant radial stress via
he Young–Laplace approximation for thin-walled structures. This
ay be sufﬁcient for an airway of normal thickness, but there
s strong evidence that in asthma the mucosal and adventitial
ASM-containing) layers are signiﬁcantly thickened (Kamm, 1999).
istological examples of such airways may be seen in the study
f Ballantyne et al. (2007). Indeed one might expect a remodelled
and perhaps stiffer) airway to be more resistant to constriction.
he model of Wang et al. (2008) is among the ﬁrst to incorpo-
ate detailed force generation mechanisms at the molecular level
n ASM with macroscopic elastic behaviour of surrounding tissue.
his study, however, was focussed on understanding the differ-
nces between pulmonary arteriole and ASM contraction in lung
lices, assuming an inﬁnitesimally thin force-generating layer at
he inner boundary of an axisymmetric, linearly elastic plane-stress
odel of the surrounding tissue.
Another important determinant of airway calibre is the extent
f buckling of the epithelial or mucosal layer that occurs during
SM contraction as a result of the relatively stiff and inextensible
asement membrane and subepithelial collagen layer bending in
reference to stretching or compressing (James et al., 2008). Mod-
lling studies by Lambert et al. (1994) and Wiggs et al. (1997)
howed that application of increasing contractile force within a
uscular layer ﬁrst generates axisymmetric deformation of the
ayer followed by buckling into multiple folds.
In this paper we use a simple linear elastic continuum model
f an annulus of tissue containing connective tissue and ASM cells,
mbedded in parenchymal tissue, in both lung slices and intact air-
ays, to gain insights into the mechanical environment of ASM
ells in the airway wall. Through appropriate approximations and
hoice of boundary conditions, we formulate models for both the
xperimental lung-slice and an airway in the equivalent in vivo sit-
ation. By comparing results from the two models we seek to infer
n vivo behaviour via the lung-slice behaviour.
In a signiﬁcant departure from previous studies, here we explic-
tly model the muscle cells as ﬁbres embedded circumferentially in
he tissue matrix of the inner layer. This allows us to use the the-
ry of ﬁbre-reinforced elasticity within a continuum approach. We
ocus on the elastic behaviour of the muscle layer given an active
ontractile force assumed to act in the direction of the ﬁbres (rather
han as a radial tension balanced by normal forces in models such
s those of Lambert et al., 1993 and others). Central to this model
s thus the ability to model force, generated by individual cells, as
contractile force density distributed across the muscle layer. We
ocus only on the initial axisymmetric deformations prior to the
nset of buckling; airway properties in this regime can then be
aptured with a relatively simple analytical model. Furthermore,
ithin the muscle layer we separate the passive properties of con-
ective tissue from the passive and active properties of the muscle
ells so that, although it is a composite layer, the effect of the dif-& Neurobiology 170 (2010) 44–58 45
ferent components on contractile behaviour (over short timescales)
and remodelling (over long timescales) may be described.
By testing our model against experimental lung-slice data, we
are able to estimate the contractile force density in the presence of
agonist, and we predict stress distributions throughout the airway
wall. Another important departure from previous studies is that
we are able to predict quasi-steady conﬁgurations given any con-
tractile force, which is of course generated at the molecular level
(Fredberg et al., 1999; Mijailovich et al., 2000); the model does
not rely on the notion of an isometric force-generating capacity
that depends on a static force–length curve (Lambert and Wilson,
1973; Lambert and Paré, 1997). Although we do not take dynamic
effects into account (which are such a distinctive feature of ASM
(Fredberg et al., 1999; Mijailovich et al., 2000; Latourelle et al.,
2002; Oliver et al., 2007)), the model provides a framework into
which any molecular-level model capable of predicting force gen-
eration or short-term force-modifying cytosketal adaptation may
be inserted, and within which one may take account of long-term
airway remodelling.
2. Methods
2.1. Lung-slice experiments and image analysis
The lung-slice technique has been discussed in detail elsewhere
(Bergner and Sanderson, 2002; Bai and Sanderson, 2006; Perez and
Sanderson, 2005). Brieﬂy, mouse lungs are inﬂated by injecting liq-
uid agarose through the trachea followed by an injection of air to
clear the airways of agarose, and the trachea is clamped to seal
the lung. The agarose is subsequently solidiﬁed by reducing the
temperature. The individual lobes of the lung are isolated and cut
into serial sections. Experiments are performed on lung slices con-
taining airways cut in cross-section that have a lumen that is free
of agarose and is completely lined by epithelial cells showing cil-
iary activity. The slices are placed on cover glasses, held in position
by a nylon mesh, and viewed by phase-contrast microscopy via a
small hole in the mesh; the effect of the mesh holding the slice
in place is to prevent movement of tissue at the edges of the slice
(and effectively the ﬁeld of view). Different agonists, at different
concentrations, are applied to the slice, to induce airway contrac-
tionwithin 5min to generate a concentration-contraction response
curve. Images are captured in time-lapse (1 frame/2 s), and stored
in TIF stacks of several hundred frames. Images at two different
time points (12 and 44 s) after application of agonist from one such
experiment are shown in Fig. 1(a, b).
To compare solutions from our theoretical model with results
from lung slice experiments we use image analysis based on the
techniques ofMalcolmet al. (2002) andAdler et al. (1998) to extract
relevant tissue displacement data from images of agonist-intiated
airway contraction in a murine lung slice (Fig. 1). Interpretation
of the displacement data may be facilitated by considering the
schematic shown in Fig. 1(c, d). Extracteddata fromone suchexper-
iment (see Fig. 4(a) below) show displacement measured along
one radial spine as a function of radial distance (measured from
a nominal centre) at different time points after addition of the ago-
nist methacholine (MCh). Brieﬂy, a ﬁnite-element geometric mesh
was constructed from an image of the relaxed airway as shown in
Fig. 1(a). Using Fourier transform cross-correlation, the displace-
ment vector of material points between two consecutive images
obtained at 4 s intervals during contractionwas calculated. The dis-
placement vector was assumed to be the average displacement of
a region deﬁned by a sub-image of 36 × 36 pixels. These data were
then used to compute the deformation of the geometric model,
yielding the displacement along one radial spine. The resulting
deformation of the ﬁnite-element mesh over time during the con-
traction is shown in Fig. 1(b). To compute the deformation of the
46 B.S. Brook et al. / Respiratory Physiology & Neurobiology 170 (2010) 44–58
Fig. 1. Images from lung-slice experiments (a) 12 s and (b) 44 s after application of agonist. The black lines are the geometric mesh ﬁtted to the ﬁrst image in the series. The
mesh deforms as the muscle contracts and the airway narrows. Material displacements are calculated from such an image analysis. Panels (c) and (d) illustrate the effect of
deformation of a material element (shaded). (c) Shows tissue in the undeformed state. The two straight lines show radial spines from the centre of the lumen. The shaded
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he element shortens in the circumferential direction and lengthens in the radial
f material points from their initial locations (circles) are indicated in (d); by conve
ssumed so that material points movel along radial spines.
nite element-mesh we used the program CMISS developed by the
ioengineering Institute Auckland (http://www.cmiss.org).
.2. Mathematical model of airway mechanics and remodelling
We assume that both the lung slice and intact airway can be
epresented theoretically in twodimensions. Thismeans that either
(a) the tissue is a thin sheet, with small thickness, and is loaded
only in the plane of the sheet (for which a plane stress solution
is applicable), or
b) the tissue is very long in the axial (z) direction, is prevented
from stretching parallel to the z axis, and every cross-section
is loaded identically but only in the plane normal to this axis.
In this case a plane strain solution is applicable (Humphrey and
DeLange, 2004).
In general, the typical length of an airway (3–4 times its diam-
ter) is much larger than the typical thickness of the airway wall
a tenth of the airway diameter), and a plane-strain description is
ppropriate. For a lung slice as used in experiments (see above),
pproximately 75–150 m thick, we make a plane-stress assump-
ion. In the analysis that follows we accomodate both cases.
We use a cylindrical polar coordinate system (r∗, , z∗) (see
ig. 2(a)), denotingdimensional quantitieswith an asterisk. Assum-
ng axisymmetry and no rotation, in either the plane-strain or
lane-stress approximation, the stress and strain within the elastic
aterial may be represented by three components of stress∗rr , ∗ ,∗
zz and three components of strain e
∗
rr , e
∗

, e∗zz . Here ∗ij is the com-
onent of stress in the i direction acting on a surface whose normal
oints in the j direction. The actions of radial and circumferential
or hoop) stress components ∗rr and ∗ on a material element of
issue are illustrated in Fig. 2(a). Under plane-stress conditions forterial points r = r1, r = r2, . . ., etc. along one such spine. On application of agonist,
ion, schematically represented in (d). Inward radial displacements u(r1), u(r2), . . .
, inward displacements are negative. Axisymmetry of the resulting deformation is
the lung slice, the axial component of stress ∗zz = 0 but the axial
strain e∗zz is non-zero. Under plane-strain conditions for the air-
way in vivo, e∗zz = 0 but the axial stress ∗zz is non-zero.We denote
material displacements in the r∗ direction by u∗.
We model the airway or slice as a two-layered structure, with a
layer of muscle surrounded by parenchyma (Fig. 2(a)), and work
within the small-strain framework of linear isotropic elasticity
(Wilson, 1972). For simplicity we represent the force-generating
layer as a homogeneous combination of mucosal and adventitial
tissue, assuming also that the stiffness of the basement membrane
and subepithelial collagen contributes to that of the inner layer. As
mucosal folding studies (Lambert et al., 1994; Wiggs et al., 1997)
indicate, in the early stages of constriction, deformation is axisym-
metric while the contractile force is small and the force has to
increase beyond a threshold for buckling to take place. Thus within
the linear elastic regime,which is valid only for small deformations,
and hence small forces, the assumption that the basement mem-
brane and subepithelial collagen layer can be incorporated into the
annular muscle layer is not unreasonable.
The inner radius of the muscular layer prior to the application
of any stresses is R∗
i
, the outer radius of the muscle layer is R∗o =
R∗
i
+ h∗, the outer radius of the parenchymal layer is R∗p (Fig. 2(a))
and we assume that initially all stresses within the tissue are zero
(no pre-stress), although the model can be used to mimic non-zero
pre-stress as we explain below.
We assume the parenchymal (muscular) tissue has Young’s
modulus E∗p (E∗m) and Poisson ratio p (m). In practice 0 ≤ m ≤
0.5; the upper limit is for incompressible material and in gen-
eral m /= p. We denote stresses and strains in the parenchymal
(muscular) tissue with the superscript p (m).
Weassume that the inner boundary is stress-free and that defor-
mation occurs due to an actively generated tension F∗ in themuscle
ﬁbres lying in a circular arrangement in the inner layer. This forc-
B.S. Brook et al. / Respiratory Physiology
Fig. 2. (a) Muscular layer, thickness h∗ embedded in parenchymal tissue with a
contractile force F∗ acting in the direction of circular muscle ﬁbres of uniform den-
sity within the muscle layer, an outward radial stress T∗p applied at a radius r
∗ = R∗p
where R∗p  R∗i . Radial and circumferential stresses (∗rr and ∗) acting on a mate-
rial element of parenchyma are indicated. The axial coordinate z∗ points out of the
page. (b, c) A simpliﬁed representation of the continuum model indicating internal
passive and active components acting in, and radial and hoop stresses (∗rr and 
∗

)
acting on, a material element of (b) the parenchymal layer and (c) the muscle layer.
The springs represent the passive elastic components of (b) the parenchymal tissue
(with Young’s modulus E∗p) and (c) of the muscle cells (with Young’s modulus E
∗
ma)
and connective tissue cells (with Young’s modulus E∗mc) in both radial and circum-
ferential directions. For the element from the muscle layer, springs in parallel can
be thought of as a single spring with effective stiffness E∗m as given by Eq. (1). The
block represents a component that generates the active contractile force F∗ and acts
o
i
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We now consider how we might describe different types of airway
remodelling through variation of the model parameters. The cross-
sectional area of the muscular layer is given bynly in the (circumferential) direction of the muscle ﬁbres.
ng is incorporated into the constitutive law as a “reaction” stress
Spencer, 1972). Tethering of themuscular layer to the parenchyma
s enforced through the continuity of radial stress (denoted T∗o ), and
adial and axial displacement at r∗ = R∗o.
Two boundary conditions will be considered for the outer edge
f the parenchymal tissue at r∗ = R∗p, depending on which model
s being analysed (lung-slice or airway in vivo). Either the tissue is
ssumed to remain ﬁxed, as is representative of a lung-slice prepa-
ation on a slide that is held in place by a mesh, or an axisymmetric
adial stress T∗p is applied as is representative of an airway in vivo
ubject to pleural pressure.
In order to solve the linear elasticity problem, we need to solve
hree sets of equations, basedonwell-established theory (full equa-
ions are given in SupplementaryMaterial), subject to theboundary
onditions discussed above. These are:& Neurobiology 170 (2010) 44–58 47
(i) equilibrium equations that are derived from conservation of
momentum arguments and provide relationships between the
radial and circumferential stress components ∗(k)rr and 
∗(k)

for
k = m,p;
(ii) a displacement–strain relationship which relates the displace-
ment of a point in an elastic material (u∗(k) and w∗(k)) to the
strains (e∗(k)rr and e
∗(k)

) at that point;
(iii) a constitutive law relating the stresses ∗(k)rr and 
∗(k)

in the
material to the strains e∗(k)rr and e
∗(k)

.
The consitutive law describes how the stress is related to the
strain through the material properties of the tissue (Young’s mod-
ulus and Poisson ratio). The continuum description of our model
may be represented schematically by Fig. 2(b-c) which shows
the components in, and acting on, material elements of tissue
from the parenchymal and muscle layers. The simplest constitu-
tive law is that for the parenchymal layer (Fig. 2(b)) in which we
assume thematerial is isotropic andhomogenous. The passive elas-
tic components in both the radial and circumferential directions
are represented as springs (for the purpose of this simpliﬁed repre-
sentation)with the corresponding Young’smodulus representing a
spring stiffness. Fig. 2(c) shows amaterial element from themuscle
layer which may consist of both connective tissue (non-contractile
cells such as collagen) and muscle cells, with corresponding stiff-
nesses. E∗mc (E∗ma) is the Young’s modulus of passive connective
tissue (active smooth muscle) cells in the muscle layer.
Having separated the passive properties of connective tissue
cells from the passive and active properties of smooth muscle cells,
and assuming the components act in parallel (see Fig. 2(c)), the
Young’s modulus of the muscle layer can therefore be expressed as
E∗m ≡ E∗mc(1 − ) + E∗ma, (1)
measuring the effective stiffness of the composite layer. Here 
(resp. 1 − ) is the fraction of the muscle layer area made up of
smooth muscle cells (resp. non-contractile tissue).  is assumed to
be uniform in this study.
A component representing the active contractile machinery
generating a contractile force is also shown in Fig. 2(c). F∗ is the con-
tractile force density (i.e. force generated by smooth muscle cells
per unit area of smoothmuscle cells present) acting in the direction
of the circular ﬁbres and thus contributing only to the hoop stress
∗(m)

. A contractile force is represented by a positive value for F∗. An
increase in force density could represent an increase in sensitivity
to agonist, or an increase in agonist concentration.
It is convenient to normalise the lengths and displacements
with respect to the internal airway radius R∗
i
and stresses with
respect to muscle layer stiffness E∗m, writing dimensionless vari-
ables without asterisks. We deﬁne  = h∗/R∗
i
(which measures the
thickness of the muscle layer), so that R∗o = R∗i Ro, where Ro = 1 + .
Normalisation of the governing equations reveals the following
dimensionless parameters: the pleural pressure Tp = T∗p/E∗m; the
outer radius Rp = R∗p/R∗i ; the normalised contractile force density
is given by
F = F∗/E∗m; (2a)
and the stiffness of the muscle layer relative to the parenchymal
layer is given by
 = E∗m/E∗p. (2b)A∗ = (R∗i + h∗)
2 − R∗2i = R∗2i (2 + 2). (3a)
4 ology & Neurobiology 170 (2010) 44–58
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Fig. 3. Effect of pure connective tissue growth (dashed curve), pure muscle growth
(solid curve) and mixed growth (dot–dash curve) on (a) the area fraction of muscle
(i) muscular loading of a lung slice prevented from moving in the
far-ﬁeld,
(ii) an airway in vivounder zero far-ﬁeld normal stress (at low lung
inﬂation),
Table 1
Estimates for geometrical and material properties and applied stresses. Data are
from literature as discussed in Appendix A.
Geometry Material properties Forcing
 Rp m p  F Tp
Normal8 B.S. Brook et al. / Respiratory Physi
he number of muscle cells, Nma, and connective tissue cells, Nmc
re thus given by
ma = A∗/A∗ma, (3b)
mc = A∗(1 − )/A∗mc, (3c)
here A∗mc (A∗ma) is the cross-sectional area of an individual connec-
ive tissue (smooth muscle) cell, assuming N∗maA∗ma + N∗mcA∗mc = A∗.
s the thickness of the muscle layer () increases, Eqs. (2a) and (2b)
llow parametrisation of the relative stiffness of the two layers,  ,
nd contractile force density, F, by the area fraction of muscle cells,
.
The following simple situations may then be analysed:
a) pure muscle cell growth, which requires that the number of con-
nective tissue cells Nmc remain constant as  increases, giving
from Eqs. (3a) and (3c)
 = 1 − 20 + 
2
0
2 + 2 (1 − 0), (4a)
where 0 and 0 are the initial values of muscle layer thickness
and muscle cell area fraction prior to the initiation of remod-
elling events;
b) pure connective tissue growth, requiring that the number of
smooth muscle cells Nma remain constant as  increases, giving
from Eqs. (3a) and (3b)
 = 20 + 
2
0
2 + 2 0; (4b)
c) balanced growth, which requires that  remain constant as 
increases. For example, the value  = 1/2 gives an effective
Young’s modulus for the muscle layer E∗m = 12 (E∗mc + E∗ma).
Fig. 3 illustrates the effect of increasing  on the area fraction
f muscle cells  and contractile force density F with initial values
0 = 0.1, 0 = 0.5 and F0 = 0.1. For pure muscle growth,  and F
ncrease,while for pure connective tissue growth, and F decrease.
qs. (2) and (4) thus determine how the contractile force density
and relative stiffness  vary with increasing muscle layer thick-
essover long timescales.Wewill use theseparametric variations
o explore the range of possible outcomes as an airway remod-
ls slowly by depositing smooth muscle cells, connective tissue or
oth.
The parameters contained within the constitutive laws may be
hought of as quantities that either vary slowly with time (such as
and ) and are involved in long-term remodelling processes, or
uantities that vary over the timescale of a breath. For example the
ffective stiffness of the parenchyma E∗p increaseswith lung volume
hrough a breath (Hoppin et al., 1975; Stamenovic and Yager, 1988;
odd et al., 1994); we model this through changes in the value of
= E∗m/E∗p, which thereby serves as an approximate representation
f different pre-stress states. The observed or effective material
roperties of the parenchyma (E∗p, p), the Young’s modulus of a
uscle cell (E∗ma) reﬂecting cytoskeletal stiffening or softening in
esponse to stress, and the contractile force density (F) are thus
ll parameters that could vary over short timescales. In all cases,
e seek only quasi-steady stress and strain distributions, assum-
ng that at each point in time all the parameters are effectively
onstant.
The governing equations are solved following standard tech-
iques for linear elasticity (see Supplementary Material) subject to
oundary conditions appropriate for the lung slice and the airway
n vivo, to yield solutions for stress and displacements as functions
f r. Estimates for the lengthscales  and Rp, material elasticity
arameters , m and p, and applied stresses F and Tp are obtained
rom the literature as discussed in Appendix A and summarisedcells in the muscle layer  as a function of muscle layer thickness  for initial values
0 = 0.5, 0 = 0.1; (b) the contractile force density F∗/E∗m as a function of  for
initial value F0 = 0.1.
in Table 1. Data from the literature suggest that at low transpul-
monary pressure (which is equivalent to low lung volume), the
ratio  = E∗m/E∗p ≈ 100 whereas  is closer to 10 at higher transpul-
monary pressures, reﬂecting changes in the level of pre-stress in
the parenchyma.
We compare model predictions with experimental data from a
lung-slice experiment, obtained as described in Section 2.1 above,
in Section 3.1. In Section 3.2 we present results for three baseline
states (Table 2) having an incompressible muscle layer of thickness
 = 0.2, surrrounded by a softer compressible layer of parenchyma
(p = 0.3,  = 10, Rp = 10) representing eitherLow lung volume 0.1 10 0.5 0.15 100 0.0–0.25 0
High lung volume 0.1 0.4 1 0.005
Asthmatic
Low lung volume 1 10 0.5 0.15 100 0.0-0.25 0
High lung volume 1 0.4 10 0.005
B.S. Brook et al. / Respiratory Physiology & Neurobiology 170 (2010) 44–58 49
Table 2
The three different cases investigated and the corresponding parameter estimates. Results for these baseline values are shown in Fig. 5. Variations in parameters from these
baselines are shown in Figs. 6 and 7.
ˇ Boundary Condition m p   Rp F Tp
0.
0.
0.
(
3
3
l
o
f
s
f
c
F
R

o
o
L
r
(
(
o(i) Lung slice 0 zero far-ﬁeld displacement
(ii) Airway in vivo 1 prescribed far-ﬁeld stress
(iii) Airway in vivo 1 prescribed far-ﬁeld stress
iii) an airway in vivo under non-zero far-ﬁeld normal stress (at
high lung inﬂation).
. Results
.1. Comparison with experiment
Representative experimental displacement data, obtained from
ung slice experimental images shown in Fig. 1 using the meth-
ds outlined in Section 2.1, are compared with model predictions
or a lung slice (case (i)) for two different parenchymal Pois-
on ratios, p = 0.1 and 0.3 (Fig. 4(a)). The agonist-induced ASM
orce generation is modelled by increasing the value of the mus-
ular tension F∗. There is reasonably good agreement between
ig. 4. (a) Comparison between displacement data (u∗ normalised with respect to
∗
i
) extracted from a mouse lung slice (diamonds) and model strain distributions for
p = 0.1 (dashed curve) and p = 0.3 (solid curve). These are plotted as a function
f r∗ normalised with respect to R∗
i
. A displacement of the inner boundary, u∗
i
/R∗
i
,
f −0.1 represents a contraction of 19% of the undeformed cross-sectional area.
ung-slice data are for times 12, 16, 24, 32 and 44 s after application of agonist. The
est of the model parameters are determined from literature cited in Appendix A
 = 1.5, m = 0.5), and measured from lung-slice experiment  = 0.2 and Rp = 5.
b) Corresponding predicted radial stress distributions ∗rr/E
∗
m plotted as functions
f r∗/R∗
i
for p = 0.1 (dashed curves) and p = 0.3 (solid curves).5 0.3 10 0.2 10 0.25 n/a
5 0.3 10 0.2 10 0.25 0.0
5 0.3 10 0.2 10 0.25 0.005
the predicted displacement distributions and experimental data,
particularly for small deformations. Airway contraction increases
with force although the model increasingly overestimates the dis-
placement in the parenchyma. This may be a consequence of the
neglect of non-linear effects in the model. Although literature sug-
gests that Poisson ratios for high lung volumes should be 0.3 or
greater, in this comparison the model curves for p = 0.1 agree
better with measured displacement. Non-linearity or the altered
nature of the parenchymal tissue due to the presence of agar may
lead to this discrepancy (see Section 4). The normalised force den-
sity (Eq. 2(a)) required to generate equivalent contractions was
found to be F = 0.25,0.5,0.75,1.0,1.25. Taking E∗m ≈ 10kPa as
measured for sheep (Codd et al., 1994), this translates to a dimen-
sional contractile force density F∗ = 2.5,5,7.5,10 and 12.5 kPa.
The material parameters were obtained from mouse data reported
in the literature (Faffe et al., 2002, 2006) as outlined in Appendix
A ( = 1.5, m = 0.5). The geometric parameters were measured
from the lung-slice image, giving  = 0.2 and Rp = 5.
The corresponding predicted radial stress distributions are
shown in Fig. 4(b). The radial stress is positive throughout themus-
cle layer. An increase in F∗ causes a proportional increase in the
peakstress at themuscle–parenchyma interface,which isdiscussed
further below.
3.2. Baseline states
Fig. 5 shows displacement and stress distributions for the three
different baseline states outlined in Table 2. A logarithmic spatial
scale is used for clarity. For cases (i), (ii) and (iii), the displacements
at the inner boundary are negative (Fig. 5a) indicating constriction,
as expected on application of a contractile force (F∗ > 0). For case
(ii), the airway in vivo, there is a small far-ﬁeld inwarddisplacement
and the displacement at the inner boundary is less than for case (i),
the lung slice. Application of an outward far-ﬁeld pleural pressure
(case (iii)) reduces constriction of the airway and leads to larger
outward displacement in the far ﬁeld of the compliant parenchyma
(albeit only3%ofR∗p). If thenormalisedcontractile force isdecreased
from F = 0.25, the constriction is reduced in all three cases (the
displacement at the inner boundary being linearly dependent on F
in cases (i) and (ii)).
3.2.1. Peak radial and hoop stress gradients arise at the
muscle–parenchyma interface
The radial stressdistributions inall threebaseline cases arequal-
itatively similar (Fig. 5b). High stress gradients are evident in the
muscle layer, with the stress peaking at the interface followed by a
gradual drop in the parenchymal layer. There is a non-zero far-ﬁeld
stress in the lung slice (case (i)) and the peak stress at the interface
is greater than for case (ii). On the other hand, application of a non-
zero pleural pressure (case (iii)) generates a greater peak in stress
at the interface compared with both cases (i) and (ii). In all cases
∗rr > 0 in both layers, i.e. the tissue is under radial tension. Again
the interface stress in cases (i) and (ii) is linearly dependent on F.
The hoop stress distributions in all three cases are also quali-
tatively similar (Fig. 5c), the stresses being large (compared with
the radial stresses) and positive in the muscle layer. The absence
of active contractile force in the parenchymal layer gives rise to a
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Fig. 5. Displacement and stress distributions for baseline cases listed in Table 2:
(a) radial displacement u∗(r) normalised with respect to R∗
i
; (b) radial stress ∗rr (r)
normalised with respect to E∗m; hoop stress 
∗

(r) normalised with respect to E∗m .
Solid curves are for the lung slice with the outer boundary ﬁxed at Rp = 10 (case
(i)); dashed curves are for the airway in vivo, with a stress-free outer boundary,
T∗p = 0 (case (ii)); dot–dash curves are for the airway in vivo, with an applied pleural
pressure at the outer boudary, T∗p/E
∗
m = 0.005 (case (iii)). A displacement of the inner
boundary, u∗
i
/R∗
i
, of −0.1 represents a contraction of 19% of the undeformed cross-
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Table 3
Data from Affonce and Lutchen (2006) based on histological data from Kuwano et
al. (1993).
Healthy Mild Asthma Severe Asthma
Peripheral airway (R∗
i
= 0.35mm)
Submucosa, mm 0.024 0.036 0.052
ASM, mm 0.006 0.011 0.019
Adventitia, mm 0.053 0.064 0.120
h∗ , mm 0.083 0.111 0.191
 = h∗/R∗
i
0.237 0.317 0.545
Central airway (R∗
i
= 1.9mm)
Submucosa, mm 0.061 0.160 0.214
ASM, mm 0.011 0.038 0.082
Adventitia, mm 0.140 0.241 0.458
muscle layer thickens, the extent of airway contraction increasesectional area. The ratio ofmuscle toparenchymal stiffness is = 10with themuscle
ayer (M) occupying 1 < r < 1.2, the parenchyma (P) 1.2 < r < 10.
iscontinuity in hoop stress at the interface. The hoop stress in the
uscle layer is made up of contributions from the elasticity of the
uscular tissue itself as well as the contractile force. The contri-
ution from the passive element only (subtracting the normalised
ontractile force F = 0.25 from the total hoop stress in the muscu-
ar layer) is negative, as is the circumferential strain (not shown),
ndicating that the tissue elements in the muscular layer are com-
ressed circumferentially. The parenchyma is under tensile hoop
tress in its far ﬁeld only in case (iii), due to the imposed outward
adial forcing at r∗ = R∗p. The interplay of active and passive contri-
utions, along with the fact that each tissue element has to be in
quilibrium with surrounding tissue elements, gives rise to further
nexpected stress distributions which we investigate below.h∗ , mm 0.212 0.439 0.754
 = h∗/R∗
i
0.112 0.231 0.397
3.3. Effect of changes in parenchymal stiffness and muscle layer
thickness
3.3.1. Compliant parenchyma generates compressive radial
stresses in the muscle layer
Graphs of radial displacement (normalised with respect to R∗
i
)
and radial stress (normalised with respect to E∗m) distributions
(Fig. 6), for increasing values of  = E∗m/E∗p, illustrate the effect
of changing parenchymal compliance relative to the two baseline
cases (ii) and (iii). E∗m is held constant and an increase in  repre-
sents a decrease in E∗p, i.e. an increasingly compliant parenchymal
layer. This occurs, for instance, during tidal breathing, as  changes
from low values at high lung volume (e.g.  = 1) to high values at
low lung volume (e.g.  = 100).
For  = 1 and 10, the muscular layer experiences large radial
stress gradients (Fig. 6b, d), with qualitatively similar distributions
inbothcases.As theparenchymabecomesmorecompliant thepeak
stress at the interface decreases, and for  = 100 in both cases there
is a small regionwithin themuscle layer near the inner boundary in
which the radial stress is negative, implying that tissue here experi-
ences radial compression. However, the relatively stiffmuscle layer
(large ) shields the parenchyma from large stresses (Fig. 6(b, d)),
although the whole tissue still sustains large strains (Fig. 6(a, c)).
In case (ii), a more compliant parenchyma allows greater con-
striction of the airway (Fig. 6a). While the same is also true in case
(iii) (Fig. 6c), the distributions are qualitatively very different, with
far-ﬁeld displacements positive and increasing with  , in contrast
to case (ii). In general, for the same contractile force, airways con-
tract more at low lung volumes (high ) than at high lung volumes
(low ) (Table 1).
3.3.2. Increasing muscle layer thickness initiates compressive
radial stresses
Over longer timescales, chronic asthma leads to ASM hyper-
plasia and hypertrophy. We mimic this effect in the model by
increasing the thickness of the muscle layer  (Table 3), main-
taining the contractile force density F (i.e. the mixed growth
curve in Fig. 3), thus increasing the total force-generating capac-
ity.
Graphs of the radial displacement (normalised with respect to
R∗
i
) and radial stress (normalised with respect to E∗m) distributions
(Fig. 7), forparametervalues shown inTable2, illustrate theeffectof
increasing the muscle layer thickness  = h∗/R∗
i
, keeping the area
fraction of muscle cells constant at  = 0.5. As expected, as thein both cases (ii) and (iii). Application of pleural pressure (case
(iii), Fig. 7c) reduces the extent of contraction, as seen in previous
examples. Again the relatively compliant parenchyma undergoes
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Fig. 6. Effect of increasing  = E∗m/E∗p (the stiffness of the muscle layer relative to the parenchymal layer) through decreasing E∗p on radial distributions of displacement u∗(r)
normalised with respect to R∗
i
(left column) and stress ∗rr (r) normalised with respect to E
∗
m (right column) with a contractile force F = F∗/E∗m = 0.25. The muscle layer (M)
occupies 1 < r < 1.2, the parenchyma (P) 1.2 < r < 10. Curves are for  = 1,10,100 as labelled: (a, b) case (ii); (c, d) case (iii). A displacement of the inner boundary, u∗
i
/R∗
i
,
of −0.1 represents a contraction of 19% of the undeformed cross-sectional area.
Fig. 7. Effect of varying  = h∗/R∗
i
, the muscle layer thickness, on radial distributions of displacement u∗(r) normalised with respect to R∗
i
(left column) and stress ∗rr (r)
normalised with respect to E∗m (right column) with a contractile force F = F∗/E∗m = 0.25 along the direction of the muscle ﬁbres in the muscle layer. The muscle layer
occupies 1 < r < 1 + , the parenchyma 1 +  < r < 10. Curves are for  = 0.2,0.4,0.6,0.8,1.0: (a, b) case (ii); (c, d) case (iii). A displacement of the inner boundary, u∗
i
/R∗
i
,
of −0.1 represents a contraction of 19% of the undeformed cross-sectional area.
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fig. 8. Distributions of (a) radial stress rr (r) and (c) hoop stress (r) normalised
nd  = 1.0 in case (i). Dashed lines show boundaries (for  = 1) between regions
nd ∗

> 0) in the muscle layer and the interface between the muscle layer and p
lements within each region are shown for (b)  = 0.2 and (d)  = 1.0. Drawings ar
arger displacements in case (iii) (Fig. 7(c)) compared to case (ii)
Fig. 7a).
The radial stresses show dramatically different behaviour to
aseline stress distributions as  increases (Fig. 7(b, d)). Although
he positive peak stress at the interface is maintained in all
ases, only the thinnest muscular layer sustains uniformly posi-
ive stresses (implying radial tension). As themuscle layer thickens,
he radial stresses near the inner boundary switch from posi-
ive to negative, as foreseen in Fig. 6(b, d). Thus muscle cells
ithin the inner layer experience compressive or tensile stresses
epending on their position relative to the inner boundary and
nterface. Peak negative (compressive) stresses within the muscle
ayer increase in magnitude with increasing ; in contrast, peak
nterface stresses show relatively little variation inmagnitudewith
ncreasing .
We have calculated threshold values of muscle layer thickness
) and relative stiffness () for which the radial stress gradient is
xactly zero at the inner boundary (with the remaining parameter
alues as in Table 2); data are presented in Fig. S.1 in the Sup-
lementary Material. For values of  and  above these calculated
hreshold values, radial stress distributions are negative in a region
ear the airway lumen, as in Figs. 6(b, d) and 7(b, d). We ﬁnd sig-
iﬁcant quantitative differences in the threshold values of  and 
etween case (i) and case (ii), with negative radial stress less likely
o occur in the lung slice. For cases (i) and (ii), changes in the mag-
itude of contractile force density, F, affect stress magnitudes but
ot the threshold values. However for case (iii) an increase in F
o 0.5 from the baseline value of 0.25 results in a reduction in the
hreshold values of  . These results suggest that the stress envi-
onment within the muscle layer changes signiﬁcantly for either
ncreasingmuscle layer thickness (elevated, as in chronic asthma),
or increasingly compliant parenchyma (elevated  , e.g. in emphy-espect to Em and plotted as functions of r /Ri for muscle layer thicknesses  = 0.2
here ∗rr < 0 and 
∗

< 0), M2 (where ∗rr < 0 and 
∗

> 0) and M3 (where ∗rr > 0
ymal layer (in which ∗rr > 0 and 
∗

< 0). Schematics of stresses acting on tissue
ale and magnitude of stress is represented by the length of stress vectors.
sema), or for increased sensitivity to agonist (elevated F, as in acute
asthma).
3.3.3. Thick muscle layers exhibit distinct regions of compression
and tension
To further understand the effect of remodelling on the distri-
bution of stresses within each layer, we show in Fig. 8(a, c) the
radial and hoop stress distributions as functions of r for two thick-
nesses,  = 0.2 and  = 1, for the lung slice (case (i)). For  = 1, the
muscle layer may be divided into 3 distinct regions M1 − M3. The
dashed lines in Fig. 8(a, c) show the radii at which ∗

switches
from negative (M1) to positive (M2,M3), ∗rr switches from negative
(M1,M2) to positive (M3) and the position of the interface.We illus-
trate the different stresses on an element in each region for  = 0.2
and  = 1.0 in Fig. 8(b) and (d) respectively.
For  = 0.2, ∗rr is positive everywhere (implying radial tension),
while ∗

switches from large positive values in the muscle layer to
small negative values in the parenchyma (Fig. 8(b)). The contrac-
tile force in a thin layer generates tensile stresses on elements in
the muscle layer in both directions; the maximum hoop stress at
the interface is substantially greater than the radial stress. In the
parenchyma, tissue is under tensile radial stress and compressive
hoop stress. Theoverall effect is to generatenegativedisplacements
causing airway narrowing.
In contrast, for  = 1.0, three distinct regions arise as discussed
above. A tissue element in M1 is under signiﬁcant circumferen-
tial compression (∗

< 0) butweaker radial compression (∗rr < 0).The active component (F∗) of ∗

pulling the faces of the element
inwards is less inmagnitude than thepassive component of the ele-
ment pushing outwards (like an internal spring in compression). In
M2, an element is under signiﬁcant circumferential tension while
still being weakly compressed radially. Here the active component
ology & Neurobiology 170 (2010) 44–58 53
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Fig. 9. Ratio of hoop stress averaged across the muscle layer 〈∗(m)

〉 to transmural
pressure T∗o plotted as a function of muscle layer thickness  = h∗/R∗i for both the
exact distributed elasticity solutions (solid curve) and the equivalent Young–Laplace
For pure connective tissue growth, however, the contractile force
density falls rapidly (Fig. 3b) and the inner boundary displace-
ment decreases in magnitude with increasing  (Fig. 10(a)). The
extent of contraction predicted for constant  = 0.5 (Fig. 7(a, c))
lies between these two extremes (Fig. 10). The effect of the differ-
Fig. 10. Effect of pure connective tissue growth (dashed curve), puremuscle growthB.S. Brook et al. / Respiratory Physi
f ∗

is greater than the passive component. Circumferential strain
s negative and radial strain positive across both layers (data not
hown) with maximum values at the inner boundary, the mag-
itude decreasing monotonically with radial distance, suggesting
hat despite being subject to different stresses, contraction of the
SMcauses all theelements to squashcircumferentially andstretch
adially, with greatest shape distortion near the inner boundary.
lthough elements are lengthened in the radial direction, the radial
tress is negative. This is a result of deformed elements in outer
egions (particularly M3) compressing the elements in the inner
egions and is a consequence of the circular geometry; such an
ffect would not be seen in a planar strip of muscular tissue. In
3, elements are under tensile stresses in both directions (with the
aximum hoop stress just inside the interface). Elements in the
arenchyma are under compressive hoop and tensile radial stress
f comparable magnitude.
The uniformly distributed force density F in the thickened layer
auses active circumferential forces to exceed passive elastic forces
n M2 and M3, and the tissue in the inner-most region M1 to expe-
ience the greatest strain. This compressive force will ultimately
ause the inner layers to buckle, generating mucosal folding pat-
erns as predicted for example by Wiggs et al. (1997).
.3.4. Comparison with the Young–Laplace approximation
Previous airway narrowing models have consistently used the
oung–Laplace approximation, which states that the hoop stress
n a thin membrane is directly proportional to the transmembrane
ressure 	P∗ times the radius of curvature R∗
i
. For the airway wall
f ﬁnite thickness this approximate relationship is expressed by
tating that the hoop stress averaged across the muscle layer,
∗(m)

〉 = 1
h∗
∫ R∗o
R∗
i
∗(m)

(r∗)dr∗, (5)
s related to the transmural pressure 	P∗ and muscle layer thick-
ess according to
∗(m)

〉 = 	P
∗R∗
i
h∗
. (6)
e compare predictions of hoop stress obtained from the
oung–Laplace equation with the distributed elasticity model in
ig. 9, for the lung-slice (case (i)) with baseline parameters given in
able 2. The ratio of hoop stress averaged across the muscle layer
o the transmural pressure difference (	P∗ = ∗(m)rr (R∗o) = T∗o , the
adial stress at r∗ = R∗
i
beingzero), i.e. 〈∗(m)

〉/T∗o , is plottedasa func-
ion ofmuscle layer thickness,  = h∗/R∗
i
. Analytical expressions for
oth the Young–Laplace approximation and the exact solution are
iven in Supplementary Material. There is a quantitative depar-
ure from the Young–Laplace prediction for thick muscle layers;
ore importantly, the averaged stress hides the large radial vari-
tion in hoop stress seen in the thick muscle layers (e.g. Fig. 8(c,
)). The diverging minimum and maximum hoop stresses ∗(m)

/T∗o ,
lso plotted in Fig. 9, illustrate the highly heterogeneous stress
nvironment across thick muscle layers, which the Young–Laplace
pproximation fails to capture.
.3.5. Different types of remodelling lead to varying contractile
esponses
We now consider the effect of increasing muscle layer thickness
or the situations of pure muscle cell proliferation, pure connective
issue growth, and balanced growth (Fig. 3) for the lung slice (case
i)). The effect of the three different growth proﬁles (Fig. 3a) on the
ontractile force density F = F∗/E∗m (Fig. 3b) leads to the displace-
ent of the inner boundary u∗/R∗
i
at r∗ = R∗
i
as shown in Fig. 10(a).
or puremuscle growth, contractile force density increases (Fig. 3b)
nd the inner boundary displacement increases for increasing .approximation (dashed curve, Eq. (6)) for the lung-slice. The dot–dash curves show
the ratio of minimum and maximum hoop stress to transmural pressure plotted as
a function of muscle layer thickness. These ratios are also schematically depicted in
Fig. 8(d). All other parameters are as listed in Table 2 for case (i).(solid curve) and mixed growth (dot–dash curve) on (a) the inner boundary dis-
placement u(m)(r∗ = R∗
i
) normalised with respect to R∗
i
as a function of , and (b)
radial stress ∗rr (r) normalisedwith respect to E
∗
m for  = 1, for initial values0 = 0.5,
0 = 0.1 and F0 = 0.1. All other parameter values are baseline values for case (i)
given in Table 2. A displacement of the inner boundary, u∗
i
/R∗
i
, of −0.1 represents a
contraction of 19% of the undeformed cross-sectional area.
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nt growth patterns on the heterogeneity of stress distributions for
= 1 are shown in Fig. 10(b). Differences in both stressmagnitudes
nd heterogeneity are striking, with pure muscle growth promot-
ng signiﬁcant heterogeneity. Thus different remodelling situations
re predicted to lead to signiﬁcantly different airway contractile
esponse.
. Discussion
Although a number of modelling studies have investigated
arenchymal interdependence and the application of basic solid
echanics principles to understand some of the factors that
nﬂuence the extent to which airways constrict in vivo, our under-
tanding of how ASM cellular and subcellular interactions affect
acroscopic tissue behaviour still remains incomplete. This work
s an attempt to respond to the availability of multi-scale obser-
ations from experimental lung-slice techniques by developing
tissue-level mathematical model that provides a framework to
hich molecular-level force generation models may be coupled.
e have thus developed an axisymmetric two-layer model of an
irway wall to represent both lung slices and an intact airway in
ivo, that resolves connective tissue and muscle cell properties
ithin a composite muscle layer.
.1. Stress heterogeneity and limitations of the Young–Laplace
pproximation
The most striking model prediction appears in radial stress
istributions for decreasing parenchymal stiffness E∗p (Fig. 6) and
ncreasing muscle layer thickness  (Fig. 7). Above critical values
f  and , we ﬁnd that both the radial and hoop stress distri-
utions exhibit distinct heterogeneity (Fig. 8d) so that ASM cells
ithin each of three distinct regions in the muscle layer may be
ubjected to signiﬁcantly different localised stresses. Even with-
ut separation of the tissue types into three layers, as has been
sed in previous models (Lambert et al., 1993 among others), com-
ressive stresses in the innermost region M1 and tensile stresses in
he second region M2 arise naturally due to geometric effects. The
agnitude of the peak negative radial stresses within the muscle
ayer increases with increasing muscle layer thickness and relative
tiffness (Figs. 6 and 7).
The functional signiﬁcance of increasedASMmass has been the-
retically investigated before but our model moves away from the
oung–Laplace approximation for thin walls, which has also been
pplied to thick walls (by Lambert et al., 1993 among others). We
ave shown that the Young–Laplace approximation overestimates
he ratio of hoop stress averaged across the muscle layer to trans-
ural pressure (Fig. 9). More importantly, averaging of the hoop
tress across the muscle layer hides the substantial radial variation
n hoop stress seen in thick layers, ranging from large negative to
arge positive values (Figs. 8 and 9). As our ultimate aim is to under-
tand how the local stress environment of the smooth muscle cell
an affect either the amount of contractile force it can generate or
tsproliferative capacity, this level ofdetail becomesnecessary. Pre-
iction of stress distributions and thus determination of localised
tress environments demands distributed elasticity models of the
orm we present here.
.2. Possible long-term consequences of stress heterogeneity in
ivoThe inﬂammatory or mechanical response of ASM cells to
ocalised stress (Suki et al., 2005; Zhang and Gunst, 2008) may be
o initiate increased proliferation with consequent implications for
issue remodellingon long timescales. Additionally, existingornew
bresmay start to orient in onepreferential directiondepending onNeurobiology 170 (2010) 44–58
the predominant local mechanical stresses (Bischofs et al., 2004),
potentially affecting further response to mechanical loads. A posi-
tive feedback loop may thus come into play, where proliferation is
initiated in response to stress (Panettieri, 1998; Hirst et al., 2000),
thus increasing muscle layer thickness and further increasing peak
stresses (over long timescales). Indirect evidence of the effect of
stress heterogeneity in vivo may be seen in the lung-slice images
of chronically challenged sensitized mice (Ballantyne et al., 2007).
These show remodelled airway walls in which muscle cell prolif-
eration appears to have occurred near the lumen while collagen
deposition appears to have occurred at the interface between the
muscle layer and parenchyma. This suggests that the gradients in
stress that we predict with our model could have an effect on the
type of remodelling that occurs in vivo.
4.3. Different types of tissue growth during remodelling
As the muscle layer undergoes remodelling, the rate at which
smooth muscle cells proliferate may vary compared with connec-
tive tissue cell growth (Ballantyne et al., 2007). Our composite
muscle layer model allows us to account for differences in growth
rate of muscle cells compared with that of non-contractile (con-
nective tissue) cells. We showed how both the contractile force
density F and the relative stiffness of the muscle and parenchymal
layers  may be parametrised by the area fraction of muscle cells
. If only muscle cells proliferate while keeping the number of con-
nective cells constant (Fig. 3a), the model predicts an increase in
contractile force density (Fig. 3b) and consequently increased con-
traction (Fig. 10a). Connective tissue growth alone predicts a small
decrease in contraction (Fig. 10a) as the contractile force density
falls (Fig. 3b), in contrast to previous modelling studies (Lambert
et al., 1993; Affonce and Lutchen, 2006). The extent of contraction
predicted by the model for a constant  (and consequently a ﬁxed
proportion of smoothmuscle to connective tissue) lies between the
extremes of puremuscle or pure connective tissue growth (Fig. 10).
We have thus shown that different types of remodelling are likely
to give rise to signiﬁcantly different outcomes in terms of contrac-
tile response and stress enironment. These results lend credence
to some theories suggesting that airway remodelling may provide
a protective mechanism limiting the amount of airway narrowing
(e.g.McParland et al., 2003; Niimi et al., 2003) but ourmodel shows
that this depends crucially on the speciﬁc amounts of growth of the
different cell types. In reality,  will be a varying function of time
and radial distance from the lumen, and itself depend on the local
stress environment. Identiﬁcation of this relationship (through, e.g.
the work of Panettieri, 1998 and Hirst et al., 2000) would provide a
powerful way of investigating the potential feedback mechanisms
discussed above.
4.4. Possible consequences of stress heterogeneity on short
timescale events in vivo
The material properties of airway tissues can change on
short timescales in two ways. First the effective stiffness of the
parenchyma (E∗p) changes during tidal breathing; at low lung vol-
umes, the parenchyma is signiﬁcantly more compliant than the
muscle layer (E∗p ≈ 2.5kPa (Lambert and Wilson, 1973; Hoppin
et al., 1975) compared with E∗m ≈ 20kPa (Codd et al., 1994)) but
stiffer at high lung volumes. Second, cells in the muscle layer
exhibit cytoskeletal stiffening (Smith et al., 2003; Deng et al.,
2004) or softening (Krishnan et al., 2008, 2009) in response to
the local stress/strain environment and increased contractile force
(Stamenovic et al., 2004; Stamenovic, 2008); this leads to increased
muscle cell stiffness E∗ma and hence muscle layer stiffness E∗m.
Consideration of changes in the ratio of muscle layer stiffness
compared with parenchymal layer stiffness in our model is an
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ttempt to include such effects from a macroscopic viewpoint. We
nd that for decreasing parenchymal stiffness, such as occurs dur-
ng tidal breathing, the contractile force generates greater relative
onstriction (Fig. 6(a, c)). In contrast we ﬁnd that, for increasing
uscle layer stiffness E∗m, such as occurs through cytoskeletal stiff-
ning (assuming the increase is independent of the contractile
orce density, F∗), boundary displacement decreases with increas-
ng muscle layer stiffness (data not shown) for the lung slice
case (i)) and airway in vivo (case (ii)). Qualitatively the stress
istributions for increasingmuscle layer stiffness show similar het-
rogeneity to the solutions for decreasing parenchymal stiffness E∗p
Fig. 6(b, d)).
These changes in relative stiffness in vivo, occuring on short
imescales, could lead to feedback loops, suggested in the liter-
ture, relating increased stiffness of the ASM layer to increased
nhibition of bronchodilation even on taking a deep inspiration
n asthmatic subjects (King et al., 1999; Oliver et al., 2007).
eformulation of our model could enable investigation of such
eedback by allowing, for instance, the stiffness of the muscle
ell (a cytoskeletal stiffness) to be a function of the local stresses
nd contractile force. The increased stiffness of the ASM has been
ttributed to the inability of the imposed force ﬂuctuations (dur-
ng tidal breathing and deep inspiration) to perturbmyosin binding
ithin the muscle cell at a molecular level (Fredberg et al., 1999;
ijailovich et al., 2000; Oliver et al., 2007) and more recent evi-
ence that points to the inability of the cytoskeleton of a contracted
SM cell to soften, remaining instead in a stiff solid-like phase
Trepat et al., 2007; Nguyen and Fredberg, 2008; Krishnan et al.,
008).
.5. Existence of pre-stress
The zero pre-stress state that we assume in our model is not
ntirely accurate for either the lung slice or airway in vivo because
gar left in the alveoli keeps the lung slice expanded almost to total
ung capacity, like a breath-hold at high lung volume would in vivo.
his suggests that, prior to application of any stresses through ASM
hortening, there may already be an existing non-uniform stress
istribution. This pre-stress would not be an isotropic homoge-
eous state but is likely to involve radial dependence in its simplest
orm. A perturbation about this state would yield a linear but
nisotropic inhomogeneous elasticity problem (reﬂecting the non-
niformity of the base state) (Whiteley et al., 2007). Strictly, our
odel is a perturbation about the zero stress-state with isotropic
omogenous material properties. In practical terms, however, our
odel can also serve as a useful approximate description of per-
urbations about inhomogenous pre-stressed states, subject to the
aveat above. The pre-stress then appears through modiﬁcation
f the governing parameters, particularly  (Eq. (2b)), which can
e decreased to reﬂect stiffening of the parenchyma by agar or
t high lung volume in vivo. The compressibility may likewise be
ffected so that the Poisson ratio of the parenchyma is likely to
e higher in the lung-slice than in vivo. This pre-stress of course
eeds some far-ﬁeld displacement or pleural pressure condition to
e established. Based on the experimental protocol for lung slices,
t seems reasonable to impose zero displacement boundary con-
itions for the small perturbations, even if other conditions were
sed to establish the base state. For example an inﬂating pressure,
hrough injection of agar, would have a similar effect in the estab-
ishment of a pre-stressed state as an explanding pleural pressure
n vivo..6. Importance of geometry
Most of the experiments associated with the hypotheses above
ave been carried out on isolated strips of ASM or individual& Neurobiology 170 (2010) 44–58 55
cells. We have shown, however, that the annular geometry of
the muscle layer plays a signiﬁcant role in the heterogeneity of
stress distributions; such distributions would not arise in cycli-
cally stretched isolated strips of ASM. Amolecular-levelmodel (e.g.
the Huxley-Hai-Murphy model (Fredberg et al., 1999)) in which
the shortening velocity is modulated by the stress environment
(Wang et al., 2008), coupled to our tissue-level model may well
lead to results that are not observed in experiments on planarmus-
cle strips; both contractile force density and shortening velocity
will vary through the muscle layer as a result of the heteroge-
nous stress distributions, which may further exaggerate stress
heterogeneity.
Our axisymmetric model also ignores the complicated geomet-
rical arrangements that arisewhen the airwaywall buckles. Greater
contractile forceswould be required to cause a thick layer to buckle
than a thin one (Zhu et al., 2008). A soft submucosal layer internal
to the muscle layer (which we do not include in our model) with
a thin, stiff basement membrane would buckle into the patterns
seen in histological samples of human airways (Ballantyne et al.,
2007; Wilson and Li, 1997). We note that buckling is not observed
in mouse lung slices; this may be because of the absence of a soft
submucosa (Fig. 1) and perhaps the presence of a more compli-
ant basement membrane. Our solutions for the muscle layer do
not preclude the possibility of buckling of such a layer in addi-
tion to, and within, the one we model. Models that focus only
on the layers internal to the muscle layer that allow for buckling
into multiple folds, through this mechanism, have been developed
previously. The study by Wiggs et al. (1997) was a ﬁnite-element
simulation while Seow et al. (2000) prescribed the shortening of
the muscle layer rather than predict it through mechanical con-
siderations. More complex models based on non-linear elasticity
theory for buckling of thick and thin-walled cylindrical tubes sub-
ject to external pressure have also been developed (e.g. Haughton
and Ogden, 1979; Zhu et al., 2008) but have not been used in the
context of airwaynarrowing. These additional structural layers that
add further complexity (and realism)maybe incorporated in future
work.
Future studies should also address the limitations of quasi-static
linear elasticity to account for time-dependent and non-linear
effects such as stiffening or softening of smooth muscle cells
(Krishnan et al., 2008), the unique rheological properties of the
muscle layer (Gunst and Zhang, 2008; Nguyen and Fredberg, 2008),
material heterogeneity and anisotropy (axial and circumferential
strain heterogeneity has been demonstrated experimentally by
Sinclair et al., 2007) and experimental conditions such as the effect
of friction from plates supporting the lung slices.
In summary, strain predictions fromour theoreticalmodel com-
pared with data from agonist-initiated contraction in a lung slice
show reasonably good agreement, in addition to which we are
able to estimate the contractile force density and stress distribu-
tions through the tissue layers. Furthermore our model shows that
during tidal breathing, and in particular as muscle layers grow
through remodelling, stress distributions become highly heteroge-
nous, with distinct regions of tension and compression arising
in the muscle layer. Patterns of such distributions, which can-
not be predicted using conventional approaches based on the
Young–Laplace equation, are likely to have important implications,
from amechano-transduction perspective, for cytoskeletal and air-
way remodelling in asthma. Ourmodel predicts that different types
of remodelling lead to signiﬁcantly different contractile responses
and stress environments. Finally our model provides, for the ﬁrst
time, a framework within which the effects of both cellular and
airway remodelling events on contractile response may be inves-
tigated through quantiﬁcation of the relationships between local
mechanical stress and cytoskeletal stiffness (on short timescales)
and ASM proliferation (on long timescales).
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ppendix A.
We require estimates for the lengthscales  and Rp, material
lasticity parameters  , m and p, and applied stresses F and Tp.
ata from Affonce and Lutchen (2006) which is based on histolog-
cal data from Kuwano et al. (1993), are summarised in Table 1 for
ealthy,mildly asthmatic and severely asthmatic lungs. Data based
n Weibel (1963) from Kamm (1999) indicate much lower values
or , varying from 0.043 for the trachea to 0.075 for the terminal
rochioles. These data are from morphological measurement and
asts generated fromnormal lungs at 75%of total lung capacity. This
arge difference in estimatesmay be due to neglect of the adventitia
uring morphological measurement. Kamm (1999) noted that wall
imensions roughly doubled in the diseased state, which translates
o 0.08 ≤  ≤ 0.15, bringing the estimates based on these data up
o the healthy  values reported by Kuwano et al. above.
Measurement of Young’smodulus E∗m for excised strips ofmem-
ranous trachea from sheep (Codd et al., 1994) yielded average
alues in the circumferential direction of 3.3 and 9.3 kPa in the
xial direction. The Young’s modulus of what is assumed to be the
tiffest part of the airway wall, the subepithelial collagen layer,
as estimated to be 20kPa circumferentially and 60kPa axially.
omparable studies on human airway walls (Ogawa, 1959) give
alues of 80 and 150kPa for the circumferential and axial Young’s
odulus (presumably of the subepithelial collagen layer). Lamé
onstants for parenchyma (
∗ and ∗) were calculated by Lambert
nd Wilson (1973) from whole human lung pressure-volume mea-
urements reported by Mead et al. (1957). They found that both
∗ and ∗ increased from 1kPa at 10% vital capacity to 10kPa at
00 % vital capacity. However for lung volumes between 20% and
0% vital capacity, estimates for ∗ are slightly greater than 
∗.
his translates to values of E∗p varying from 2.5 kPa to 25kPa at 10%
ital capacity and100%vital capacity respectively. ThePoisson ratio
as found to vary between 0.15 and 0.3, with the minimum occur-
ing at functional residual capacity (FRC). In contrast Hoppin et al.
1975) found Poisson ratios to be approximately 0.3 from stud-
es on dog parenchyma. Lai-Fook et al. (1978) on the other hand
ound much higher Poisson ratios, about 0.4, and found that for
homogenous parenchymal structure (from excised dog lungs),
reated as an elastic continuum, the shear modulus ∗ is linearly
elated to transpulmonary pressure P∗L (pleural–alveolar pressure)
ver awide range of volumes such that∗ ≈ 0.7P∗L . Stamenovic and
ager (1988) found Poisson ratios varying from 0.15 to 0.47 in air-
nd liquid-ﬁlled rabbit lungs, with elastic moduli slightly higher in
he air-ﬁlled than in the liquid-ﬁlled lung.
More recently, Okazawa et al. (1999) calculated bulk and shear
oduli of excised rabbit lungs before and after treatment with car-
achol (to induce bronchoconstriction) via measurement of lung
ressure and volume. They found a roughly linear relationship such
hat ∗ ≈ 0.5P∗L . We calculate average values of E∗p and p from
heir data, to ﬁnd that average E∗p varied from 0.75 to 1.5 kPa with
ncrease in transpulmonary pressure before treatment with car-
achol. After treatment with carbachol, average E∗p varied from
.65 to 1.5 kPa. The largest percentage difference in E∗p occurred
t lower transpulmonary pressures. The average Poisson ratio wasNeurobiology 170 (2010) 44–58
found to vary from 0.44 at low transpulmonary pressure to 0.48 at
high transpulmonary pressure,with the largest difference between
baseline and broncho-constricted values occurring at low tranpul-
monary pressure. These values (for rabbit lung) are much closer to
the incompressible limit than those calculated for the human lung
by Lambert and Wilson (1973) above. From the above data it would
seem that, at low transpulmonary pressure (which is equivalent to
low lung volume), the ratio  = E∗m/E∗p ≈ 100 and  is closer to 10
at higher transpulmonary pressures.
Surprisingly, elastancedata formiceparenchymal strips (Faffeet
al., 2002, 2006),measuredby sinusoidal stretching, suggest Young’s
modulus values that are a factor of 10 greater than those reported
for the rabbit lungs above. In both mice studies referenced here,
elastance increasedwith increasing frequency of oscillation. Values
of E∗p for two different strains of mice were found to range from 14
to 16.5 kPa before treatment with ACh and from 14.8 to 17.9 kPa
after treatment with ACh. It is not clear, however, if the stretches
inducedduringoscillationonexcised strips and thosewith inﬂation
ofwhole lungs are comparable, and therefore, whether the Young’s
modulus measured in these two different ways can be compared
in this way.
Typical transpulmonary pressures in humans vary fromapprox-
imately kPa at residual volume to 0.3–0.5 kPa at FRC through to
2.5–3.0 kPa at TLC.
Maximal stresses of approximately 4–10kPa are found to be
generated within airway smooth muscle rings and bronchial seg-
ments excised from porcine airways (Gray and Mitchell, 1996).
Dynamic loading studies, however, suggest that in practice, tidal
breathing prevents these maxima from being achieved. Thus the
force generated during tidal breathing may be closer to half of
this (Oliver et al., 2007). At the cellular level Stamenovic and
co-workers (Stamenovic et al., 2004) have found striking lin-
ear relationships between contractile force (increased through
increasing agonist concentration) and cytoskeletal cell stiffness
(determined via magnetic oscillatory cytometry) indicating that
the greater the contractile force, the stiffer the smooth muscle cell.
For example, at a frequency of 0.1 Hz, as contractile stress varied
from 0 to 2kPa, the shear modulus of the cell increased from 0 to
6kPa. Relationships between dynamic changes cytoskeletal stiff-
ness in response to applied cell stretch have been measured by
Krishnan et al. (2009) (using traction force microscopy and opti-
cal magnetic twisting cytometry) showing a drop in cytoskeletal
stiffness immediately after stretch followed by a return to baseline
values in homogenous uniaxial and biaxial stretches, whereas the
cellswere shown to become stiffer in response to non-homogenous
localised stretches.
From the discussion above we summarise in Table 1 in the
manuscript the parameter values estimated for a central airway
to obtain phyiologically relevant solutions. These are used in the
governing equations (SupplementaryMaterial) to determine stress
and strain distributions which are discussed in Section 3.
Appendix B. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.resp.2009.11.006.
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